Abstract. In this notes, we study some basic results about deformation of A∞ structure. First, we point out the A∞ structure itself is always homologous to zero in its Hochschild cohomology, and in contrast in the strict unital case the unit element is always nonzero if the algebra is supported in non-negative degrees. Then we study a natural two-dimensional rescaling of A∞ structure. We prove that such rescaled A∞ structure is always quasi-isomorphic to the original one through an explicit strict endomorphism. At last, we study the curved A∞ structure case, and show the deformation with Maurer-Cartan element or bounding cochain as in the Lagrangian Floer Homology theory can be naturally derived from a weakly strict endomorphism.
Given an A ∞ algebra (A, m), we are always interested in certain deformation of the A ∞ structure. From the point of view of deformation theory, formally we need to solve the Maurer-Cartan typer equation. Generally, it is not easy to get explicit solutions and then write down the new A ∞ structure. Here we consider some special cases of explicit deformation. We show that such deformation always can be derived from some (weakly) strict endomorphism equivalently.
As a quick review, first we recall some basical definition and properties about A ∞ algebra and its morphism. We adapt the sign convention for morphism here and make some explicit calculation of the Hochschild cohomology. Using the euler derivation element introduced by Seidel in his notes [21] , we are able to show that [m] = 0 ∈ HH 2 (A, A) in both strict and curved case. In contrast, in the unital and strict case, by degree argument, we always have [e] = 0 ∈ HH 0 (A, A) if the algebra is supported in non-negative degrees.
Then we study two types of deformation. The first deformation comes from the rescaling of the A ∞ structure. From the construction equation of the A ∞ structure, it turns out there is a natural two-dimensional family of rescaling. Such deformation can be proved to be trivial up to a quasi-isomorphism. In fact, we can explicitly construct such quasi-isomorphism, either by the euler derivation element or the pseudo-isotopy method developed by Fukaya [4] . The pseudo-isotopy method provides an explicit way to integrate the infinitesimal deformation along a path into a real deformation represented by an endomorphism.
The second deformation is the one we used in the Lagrangian Floer Homology theory. From the study of homomorphism in the curved A ∞ case, we show that the Maurer-Cartan equation and thus its induced deformation of A ∞ structure could be naturally derived from the construction equation of some weakly strict endomorphism, which is called an almost identity endomorphism in the later part. In this way, we are able to get a general condition for the Maurer-Cartan element or bounding cochain to deform a curved A ∞ structure into a simpler one to achieve the cohomology theory.
Strict A ∞ structure
First let us follow Keller [12] and make a quick review of strict A ∞ algebra. Notice that here we adapt the sign system of [17] for morphisms instead, which will be better for later calculation of Hochschild cohomology. As usual, our ground field is degree free. Definition 1.1. A strict or non-curved A ∞ -algebra (A, m) over filed F is a Zgraded vector space: A = k∈Z A k endowed with graded F-linear maps m n : A ⊗n → A, n ≥ 1 of degree (2 − n) satisfying the construction equations:
In the strict case, we have the index u = r + 1 + t with r, t ≥ 0 and s ≥ 1. Thus we always have u ≥ 1. The first equation comes as: m 2 1 = 0 for n = 1. Notice that when these formulas are applied to elements, additional signs appear because of the Koszul sign rule:
where f, g are graded maps, x, y are homogeneous elements and the |g|, |x| denote their degrees.
is a family of graded maps f n : A ⊗n → B of degree (1 − n) satisfying the compatible equations:
here the sign on the right hand side is given by:
is called a strict homomorphism if f n = 0 for all n ≥ 2. In the A = B case, we call it a strict endomorphism.
Notice that in this case, the equation for the homomorphism maps can be simplified to:
Moreover, if we have A = B and the strict endomorphism f : (A,m) → (A, m) has the nonzero component f 1 an automorphism on A. Then in fact we will end with:m
Thenm is just the pullback A ∞ structure on A by endomorphism f . Thus the study of strict homomorphism becomes much easier than the general cases. In fact, in some geometrical situations, study of such homomorphism already gives us some important information of the structure.
, if there exists A ∞ homomorphism f : A → B and g : B → A such that f • g and g • f are both homotopy to identity.
As a specialty for A ∞ structure, we have the following Whitehead theorem about quasi-isomorphism and isomorphism. Next, let us recall the construction of Hochschild cohomology of A ∞ algebra, which is important for the study of the infinitesimal deformation of the A ∞ structure. Here we use the description given in [19] .
Consider a Lie algebra structure on the bigraded vector space:
n+m−1,l+k is given by the following:
here:
Notice that in the formula if we have n = 0 or m = 0, then the corresponding term should take 0 value. For example, if f ∈ C n,k (A, A) and g ∈ C 0,l , then:
Also from the formula, we have [
. Thus when the total degree of f or (n+k) is odd, we always have [f, f ] = 0.
For A ∞ structure, we always have the componet map m k ∈ C k,2−k , with total degree 2. Take the notation m = m n , by definition we have the following facts:
Remark 1.6. Here fact 3) comes from the Jacobi identity of the Lie bracket and also the fact 1) and 2). Definition 1.7. Let (A, m) be a strict A ∞ algebra, then its Hochschild cohomology is defined as:
For example, we always have: [m] ∈ HH 2 (A, A). In fact, we can show it is always homologous to zero in the Hochschild cohomology. Definition 1.8. Given an A ∞ -algebra (A, m), we call the element E ∈ C 1,0 (A, A) its euler derivation element, which is given by: Proof. First let us consider the identity element I : A → A, by definition we will get I ∈ C 1,0 (A, A) and [m k , I] = (k − 1)m k , thus we have:
Then let us take the euler derivation element E ∈ C 1,0 (A, A). By definition, we will get another:
Therefore, we have the following identity:
Notice that the above solution (I − E) ∈ C 1,0 (A, A). In fact, by degree reason, there might be other solutions for D(a) = m, for example with a ∈ C 0,1 (A, A). In a special case, if {m k } has infinite non-zero component elements, and moreover has an element a ∈ C 0,1 (A, A) with the divisor property as follows:
Then a ∈ C 0,1 (A, A) will become another solution, i.e. D(a) = m. As for other cocycles in the Hochschild cohomology, generally it is not easy to get explicit construction. But we still have some clue if we simply consider element in C 0,l (A, A) for example in the unital case. Proof. The first part directly comes from the property of unit. Now let us consider the second part by contradiction. Suppose there is an element f ∈ C m,n such that [m k , f ] contains e term. Let us carefully check its degree and consider the degree equation, that is:
Notice that we have the requirement of k ≥ 1 and m ≥ 0, thus the only possibility is m = 0, n = −1, i.e. f ∈ C 0,−1 and f (1) ∈ A −1 . But here our vector space is non-negative graded. Contradiction. Remark 1.11. Follow this consideration, in fact we will get a natural inclusion map:
Thus in the strict case, the Hochschild cohomology will contain partial data of the m 1 -cohomology of the original A ∞ algebra, that is some special element with each cyclic sum of m k component vanishes.
rescaling of A ∞ structure
In this part, we consider a basic deformation of the A ∞ structure given by rescaling. We still focus on strict A ∞ algebra case here. The discussion in the curved case will be given in the later part.
The rescaling here comes from the following observation of the construction equation of A ∞ structure: in the construction equation, when n is fixed, we have: u + s = n + 1 as fixed value . Therefore, by rescaling of the formm k = λ f (k) · m k , as long as the function f (k) satisfies the identity:
The new maps {m k } give another A ∞ -strucutre, i.e. it still satisfies the construction equation. Notice that functions with the above property must have the form of f (k) = a · k + b as a linear function. Thus we have the following: Now let us consider the relation between the rescaled A ∞ structurem and the original one m. Notice that when λ = 0, the deformation given above essentially comes in two families.
Then we have (A,m) is quasi-isomorphic to (A, m). Here we just need a strict homomorphism f : (A,m) → (A, m) given by: f 1 = λ and f n = 0 for all n = 1. Then it is easy to check it is a quasi-isomorphism.
We still have (A,m) is quasi-isomorphic to (A, m). In this case, the strict quasiisomorphism is induced by the euler derivation element, that is f 1 = λ E given by:
General case is the combination of the two types, thus we have the result:
Given an A ∞ -algebra (A, m), the rescaling of the A ∞ structure given as above is always a quasi-isomorphism if λ = 0.
Proof. Consider the rescaling given by:
, we just need to take a strict quasi-isomorphism f : (A,m) → (A, m) given by:
Remark 2.4. In the DG-algebra case, the type 1 deformation gives the new algebra structure as:m 1 = m 1 ,m 2 = λm 2 , while the type 2 deformation gives the new algebra structure as:
As A ∞ -algebra, they are both quasi-isomorphic to the original one.
The construction of the strict quasi-isomorphism in the type 2 case indicates the f 1 map might be recovered from the relation D(I − E) = m in the Hochschild cohomology by certain integration of the infinitesimal deformation. Such integration indeed can be achieved, for example by the pseudo-isotopy method developed by Fukaya [4] . Detailed description and recently application of pseudo-isotopy could be found in FOOO's book [5] and Tu's paper [23] . Here we recall the construction as given in [23] .
Given a formal based path l(t) on M(A, m) with l(0) = m, let us denote the A ∞ structure along the path by m t = l(t) ∈ M(A, m), and dδ
For example, if we just consider the simple linear path as l(t) = m + t · δ, then one necessary condition to make it into a pseudo-isotopy will be: First, take a partial ordering on the set V int (T ), we say v 1 ≤ v 2 if v 2 is contained in the shortest path from v 1 to the root. Given t ∈ [0, 1], a time ordering on T bounded by t is a non-decreasing map τ : 
Corollary 2.7. If along the pseudo-isotopy l(t), the solution of Maurer-Cartan equation h t has just one component as h
is always a strict endomorphism, which is given by:
Especially, the formal endomorphism f : (A, m 1 ) → (A, m 0 ) is a strict one, which is given by:
Moreover, if we have the term C(t) converges, then f
t becomes a quasi-isomorphism of A ∞ structure.
Proof. By the construction of the formal endomorphism given above, in this case we have k = 1, and only f t 1 is nonzero, thus f t is always a strict endomorphism. In addition, for each T ∈ Gr(1), we have the calculation:
follow the tree type, we get:
n Therefore, we have:
The rest is directly from this expression.
Remark 2.8. This corollary give the formula to integrate the infinitesimal deformation into a global deformation of the A ∞ structure, which is given in the form of a strict endomorphism. In this sense, strict endomorphism could be viewed equivalently as a simple type of deformation.
Example.1 As a simple example, let us recover the strict quasi-isomorphism in the case: a = 0, b = 1, λ = 2, that is the casem = 2m.
In this case, we take a simple path: l(t) = (1 + t)m, then δ t = t · m, and the Maurer-Cartan equation 
therefore, by the corollary, one of the strict quasi-isomorphism f : (A, 2m) → (A, m) could be given by:
which fits the strict quasi-isomorphism given in Corollary 2.3.
Example.2 Similarly, if we take the simple path l(t) = (1 − t)m, then it is a path from m to 0. In this case, we have δ t = −t · m, and
, which is not well defined at t = 1. Moreover in the integral we still get the divergence:
thus we cannot use the pseudo-isotopy to detect the quasi-isomorphism relation in this way.
As a summary, we state an alternative proof of Corollary 2.3 here.
Proof. In the general case, given the rescaling of A ∞ structure of (A, m):
Let us consider the following simple path:
From the the Maurer-Cartan equation
, we get one solution:
Thus by Corollrary 2.7, we recover the quasi-isomorphism:
Remark 2.9. From the construction of the endomorphism, we can see since the existence of h t 1 ∈ C 1,0 (A, A) and the space Gr(1) has infinite elements, exponential type term generally will appear during the calculation.
Curved A ∞ structure and its endomorphism
In this part, we carefully check the definitions for curved A ∞ structure and then study its homomorphism. We omit the convergence argument about infinite series here. Details about the T-adic topology on A ∞ structure can be found in FOOO's book [5] . For simplicity, let us just assume m k = 0 for k ≫ 1 in this part.
In this part, we use the sign system for evaluation at elements as in [5] . That is better for explicit calculation of the deformation. As before, here our ground field is still degree free. Definition 3.1. A curved A ∞ -algebra (A, m) over filed F is a Z-graded vector space: A = k∈Z A k endowed with graded F-linear maps m n : A ⊗n → A, n ≥ 0 of degree (2 − n) satisfying the construction equations:
Here the index u = r + 1 + t with r, t ≥ 0 and s ≥ 0. When s = 0, we consider m 0 as m 0 (1) in the definition. In this case, we have the sign convention:
Now the first two construction equations change into:
|x|−1 m 2 (x, m 0 (1)) = 0 for input number n = 1. Thus we cannot expect m 
here the sign convention term δ is the same as in the previous definition.
Notice here on the left side we still take index u = r + 1 + t with r, t ≥ 0 and s ≥ 0, and on the right side we should take k ≥ 1 if n ≥ 1 but k ≥ 0 if n = 0, and we consider f 0 as f 0 (1) ∈ A in the equation, which is a degree 1 term.
is a strict homomorphism if f 0 = 0, and weakly strict homomorphism if f n = 0 for all n ≥ 2. In addition, if A = B and f 1 = I on A, then we call it an almost identity endomorphism; if f 1 = I and f 0 = 0, then we call it an identity automorphism. Now let us check the results of previous sections in the curved case. First, it is easy to check the definition of Hochschild cohomologty as in Section.1 can be directly generalized to the curved case. Moreover, we still have the identity: [m, I − E] = m, thus the following result is still valid:
Similarly, the rescaling deformation construction and also the corresponding strict endomorphism are still valid for the curve case. Now let us focus on explicit calculation of the homomorphism in the curved case. We adapt some notation in the Lagrangian Floer Homology theory. Under our sign system, each term comes with the positive sign.
Here the index l ≥ k, and the total times of b input is l − k. We sum over all the combinatorial type of inserting b in between of {x i } for all possible l.
is an almost identity endomorphism, i.e. f 1 = I and f n = 0 for all n ≥ 2, then:
Proof. By definition of curved A ∞ homomorphism, we have the equation:
with the sign convention term:
For n = 0 case, we have:
Since f 1 = I, we get the first equation:m 0 (1) = m(e f0(1) ).
For general n ≥ 1 case, notice on the left side u ≥ 1 and f k = 0 for all k ≥ 2, thus only one term exist on the left, that is:
On the right side, just the terms which only contains f 0 (1) and f 1 components will survive, thus:
Therefore, we get the second equation. Notice that follow the sign convention, no sign complicity happens in the identity above.
Based on this result, now let us make some definitions. Definition 3.6. Given a curved A ∞ structure (A, m), we take the following equation as the Maurer-Cartan equation:
We call an element a ∈ A 2 is invertible if the Maurer-Cartan equation m(e b ) = a has a solution b ∈ A 1 . We call such b is a Maurer-Cartan element associated to a.
Definition 3.7. Given a curved A ∞ structure (A, m), we call the following set its invertible set:
For a ∈ I(A, m), then we call the following set its Maurer-Cartan set:
Notice that I(A, m) is always a non-empty set, since 0 ∈ M C(a) for a = m 0 (1). In fact, by direct rescaling, we can see I(A, m) is always a path-connected set.
According to the lemma above, we have the following statement: Moreover if a ∈ I(A, m), then each component m n can be deformed to: Proof. By observation, we just need to take the inverse strict endomorphism:
We check the inverse Maurer-Cartan equation here, that is:
Recall that we have:m
From the combinatorial identity:
we get the vanishing of coefficient of term m n (b, · · · , b) inm(e −b ), thus only one term left and that is the identity:m(e −b ) = m 0 (1). Similarly by combinatorial cancellation, we also have the identity:
Together with the previous identity we already have on hand:
, for all n ≥ 1 we precisely get f • g and g • f are both identity automorphism.
Remark 3.11. We should be very careful here. Even in the enhanced sense, generally we still cannot expect the following homotopy relation to be true:
The reason is the following: if we start with m a strict one, and try the deformation by the almost identity endomorphism as above, then generalm will become a curved one; or if we start with the initial m a curved one, but the equationm 0 (1) = m(e b ) = 0 has a solution, thenm turns into a strict one. In either case, we will have one strict and one curved A ∞ algebra. However, under curtain conditions, as explored in [2] and [15] , we have the Hochschild cohomology of curved one always vanishing, but general the strict one is not. For example, in the unital and curved case, if the A ∞ algebra is supported in non-negative degrees, the unit element [e] is not necessary nonzero, but it is always nonzero in the strict case. Now let us knock at the following problem: how to deform a curved A ∞ structure m into a simpler onem in the sense thatm 2 1 = 0? Here we just focus on the simple case when such deformation can be achieved through a strict endomorphism, or even an almost identity endomorphism. At last, let us discuss the general case of such deformation. It is easy to check that if we replace f 1 by other automorphism on the vector space A, then the deformed A ∞ structurem varies, however the obstruction equation is essentially the same. More generally we could loose the condition and consider the deformation given by a general endomorphism which is not necessary weakly strict anymore.
For simplicity, we still take f 1 = I as an example. Let us consider the construction equation for the endomorphism maps in this case. First, we have the same Maurer-Cartan equation:m
